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Abstract
Background: Influenza viruses are a major cause of morbidity and mortality worldwide. Vaccination remains a
powerful tool for preventing or mitigating influenza outbreaks. Yet, vaccine supplies and daily administration
capacities are limited, even in developed countries. Understanding how such constraints can alter the mitigating
effects of vaccination is a crucial part of influenza preparedness plans. Mathematical models provide tools for
government and medical officials to assess the impact of different vaccination strategies and plan accordingly.
However, many existing models of vaccination employ several questionable assumptions, including a rate of
vaccination proportional to the population at each point in time.
Methods: We present a SIR-like model that explicitly takes into account vaccine supply and the number of
vaccines administered per day and places data-informed limits on these parameters. We refer to this as the nonproportional model of vaccination and compare it to the proportional scheme typically found in the literature.
Results: The proportional and non-proportional models behave similarly for a few different vaccination scenarios.
However, there are parameter regimes involving the vaccination campaign duration and daily supply limit for
which the non-proportional model predicts smaller epidemics that peak later, but may last longer, than those of
the proportional model. We also use the non-proportional model to predict the mitigating effects of variably timed
vaccination campaigns for different levels of vaccination coverage, using specific constraints on daily administration
capacity.
Conclusions: The non-proportional model of vaccination is a theoretical improvement that provides more accurate
predictions of the mitigating effects of vaccination on influenza outbreaks than the proportional model. In addition,
parameters such as vaccine supply and daily administration limit can be easily adjusted to simulate conditions in
developed and developing nations with a wide variety of financial and medical resources. Finally, the model can
be used by government and medical officials to create customized pandemic preparedness plans based on the
supply and administration constraints of specific communities.

Background
Influenza viruses continue to be a major cause of hospitalizations and deaths worldwide due to annual seasonal
epidemics [1-6] and less-frequently occurring, but
potentially more severe, pandemics [3,4,7-9]. Vaccination is one of the best tools health professionals have to
prevent or mitigate influenza outbreaks [9,10]. Each
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year, vaccines are developed based on predictions about
which influenza strains are likely to be circulating [9,11],
and distributed prior to and during the influenza season.
When there is good correspondence between the vaccine strains and the circulating strains, vaccination programs are highly effective in decreasing influenza-related
hospitalizations and deaths, particularly in high-risk
groups such as the elderly and children [12-14]. Vaccination prior to the first outbreak of a pandemic is
usually not possible, due both to the unexpected nature
of these outbreaks and the novelty of the viral strain
responsible [7-9]. However, many influenza pandemics
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are characterized by multiple waves separated by
months or years, which can allow time for vaccination
development and administration in an attempt to mitigate subsequent outbreaks [15-19]. Unfortunately,
resources are limited and many countries already struggle with insufficient doses of vaccines, as well as
shortages in medical supplies, facilities, and workers to
administer vaccines [20-22]. Resource limitations are
likely to be even greater, and more widespread, in the
case of a pandemic [8,20,22-24]. Even in the case of adequate resources, administration capacity is still limited;
medical staff and facilities can only give a maximum
number of vaccines per day [25-30], and that number
may be small relative to the size of the population
under consideration.
Understanding how vaccination resources can affect
the size and dynamics of influenza outbreaks is crucial
to outbreak preparedness [9]. Yet, many modeling studies examining the effectiveness of vaccination in mitigating outbreaks are based on questionable assumptions
about supply and administration of vaccines. First, the
assumed vaccine stockpiles are often very large relative
to the size, and sometimes the location, of the considered population [31-34]. Second, previous studies modeling vaccination during a pandemic assume that
vaccines are administered only to susceptible individuals
[33,35-40]. This is problematic for several reasons. For
one, medical professionals are rarely able to determine
an individual’s epidemiological status (i.e. susceptible,
infected, recovered) prior to vaccination. Laboratory
testing of individuals seeking vaccination is not required,
nor recommended, for general use or clinical decisionmaking [41]. Also, individuals may not be aware of their
own epidemiological status, either because they are
asymptomatic or are unsure that an illness they recently
experienced was due to the virus in question. Therefore,
the only individuals who are likely not to seek or receive
vaccination are those who are infected and symptomatic,
and it is possible that many individuals with existing
immunity get vaccinated. Considering only the susceptible population may underestimate the overall number of
vaccines used, including those that are potentially
wasted, during a vaccination campaign [42]. Finally, the
administration of vaccines is usually modeled by specifying that a proportion of the population is vaccinated per
day [31-40,43-48]. Such proportions may represent a
very small or large number in comparison to the number of vaccines that can reasonably be administered on
a daily basis. Although fixed-rate vaccination models
exist (e.g. [49]), the formulations of which we are aware
are not based on daily administration constraints. In
practice, vaccination clinics are planned and run based
on the number of people that can be vaccinated per day,
given the availability and capacity of equipped facilities
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and medical professionals [25-30]. The concern is that
modeling based on the assumptions discussed above
may lead to innaccurate conclusions about the effects of
vaccination programs on the size or progression of
influenza outbreaks.
We developed an epidemiological model to investigate
the spread of influenza that incorporates realistic constraints on vaccine supply and administration capacity.
Our model allows the simulation of specific limits on
the total number of vaccines available, the number that
can be administered per day to a single population, the
relative supply to different epidemiological classes, and
the effects of the timing and duration of vaccination
campaigns. Wherever possible, the values of these parameters were based on real and simulated data (see
Table 1) from sources such as the Centers for Disease
Control and Prevention (CDC), the World Health Organization (WHO), the Macroepidemiology of Influenza
Vaccination (MIV)
Study Group, and a variety of international researchers
studying vaccine supply and administration. The vaccination parameters in our model can also easily be adjusted
by public health officials or communities looking to
examine the mitigating effects of vaccination given their
specific supply and administration constraints.
We refer to our model as the non-proportional model
of vaccination, since the administration of vaccines is
limited by a daily maximum number rather than a proportion of the population, and compare the results to
those obtained when vaccination is implemented using a
proportional scheme. The results show that though the
proportional and non-proportional models predict similar epidemics for a few different vaccination scenarios,
there are regimes under which important differences in
the dynamics of the two models are observed. Specifically, given particular combinations of vaccination campaign duration and daily supply limit, the proportional
model predicts epidemics with larger final sizes and earlier peak times than those predicted by the non-proportional model. In addition, the proportional model
predicts epidemics that last days less than in the nonproportional model. We argue that the non-proportional
model provides more accurate information about the
vaccine stockpiles and human resources needed to deal
with real influenza outbreaks. Furthermore, our model
can be used by government and medical officials to create customized pandemic preparedness plans based on
the resources available to their specific communities.

Methods
Assumptions of the model

We developed a SIR-like epidemiological model to study
the spread of influenza [50] (for a review of these models see [51]). The model describes the dynamics of
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Table 1 Parameters used in simulations
Parameter Description

Value/Range
0.2 or 0.65

Source

p

probability of being confirmed

a

relative infectiousness of unconfirmed
class

ta

start of vaccination campaign (day)

20, 50, or 80

tb

end of vaccination campaign (day)

Variable

td

depletion of vaccine stockpile (day)

Variable

t0

time of initiating pulse (day)

10

arbitrary

x0

Amplitude of initiating pulse
(individuals)

1

previous epidemiological model [62]

a

width of initiating pulse (days)

1

previous epidemiological model [62]

b

mean probability of infection per
contact

0.5

0.476 or 0.346

low probability [84,86], high probability [55]
based on reduced viral shedding [55-57]
set to occur 10, 40, or 70 days after t0
depends on campaign start and duration
depends on stockpile size; see

v̄

adjusted as function of p so R0* = 2.0; see sea-sonal/pandemic R0 values
[1,87]

c

rate of recovery (1/days)

1/7

based on symptoms, viral shedding, cytokine levels [55,58,59]

N

total population size

108

e.g. Mexico, Phillipines [69,70]

v̄

vaccine stockpile size

30 * 106

based on 30% coverage; see vaccine production/distribution data
[21,60,61]

maximum number of vaccines per day

105 - 107

based on vaccination clinic modeling and clinic data [25-30]

v̄D
k

proportion of eligible vaccinated per
day

0.001 - 0.1 (0.110%)

δ

infection-related death rate (1/days)

10-6

see models using proportions in this range [17,36,38,44]
based on U.S. viral surveillance data [88]

*R0: Basic reproduction number, defined as the number of secondary infections occurring due to introduction of 1 infected individual into a susceptible
population (for review see [89])

susceptible (S), infected (I), recovered (R), vaccinated
(V), and deceased due to infection (D) populations. In
turn, the infected individuals are divided into two
groups, infected confirmed (I C ) and infected unconfirmed (IU). The confirmed group represents those individuals who test positive for influenza in a medical
facility, while the unconfirmed group includes either
asymptomatic individuals, or those whose symptoms are
not severe enough to seek treatment and therefore
never get tested.
Infections are assumed to be caused by an outbreak of
a single influenza viral strain (e.g. pandemic H1N1 of
2009 [52-54]). A small number of individuals become
infected at a time t = t0, referred to herein as the initial
outbreak (e.g. the first H1N1 cases in the town of La
Gloria in Veracruz, Mexico). For simplicity, all individuals in S are assumed to have an equal susceptibility to
infection; age-related susceptibility and prior immune
history are not considered. Individuals become infected
through homogeneous mixing, at a rate proportional to
the number of contacts between infected and susceptibles. Since several studies have shown a relationship
between the degree of symptoms and the extent of viral
shedding [55-57], we included a parameter, a, to simulate potentially reduced infectiousness of those in population I U . For most simulations a = 0.5, but using
different values of a did not significantly change the
results (data not shown). The majority of infected

individuals recover at a rate c, which corresponds to a
recovery period of 7 days based on data describing the
progression of symptoms, viral shedding, and cytokine
levels in influenza challenge studies [55,58,59]. Once
recovered, individuals are assumed to have complete
immunity against the virus that does not wane with
time. Complete immunity, along with the fact that births
are not included in the model, means that there is no
continuing supply of susceptibles. Those who recover
and were confirmed are represented by the population
RC, while those who recover but were unconfirmed are
represented by R U . A small number of people do not
recover, however, and instead die as a result of infection,
at a rate δ. The occurrence of deaths in the unconfirmed population is not meant to indicate that individuals may die without ever showing symptoms, but
rather that some individuals may die before seeking
medical attention and officially being classified as
infected with influenza. This is particularly applicable to
developing countries where many people may not have
access to timely medical care. The rate of disease-related
death, δ, is set low in our simulations to reflect a negligible death rate, but this parameter can be adjusted to
simulate epidemics with higher mortality rates. For
quantification purposes, a threshold of n individuals
serves to find the start and end times of an epidemic.
For the simulations presented herein, n = 104 (0.01% of
the total population of 108 people).
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Assumptions about vaccination

In addition to acquiring immunity to the virus through
infection, individuals can gain protection through vaccination. As previously explained, it is unrealistic to
assume that only susceptibles will seek and receive vaccination during an epidemic. Therefore, in our model
vaccines are distributed to the populations S, IU, and RC.
Individuals from IU and RC are meant to represent those
who become infected, but seek vaccination either
because they are (were) unaware of their illness due to a
lack of symptoms, or because the specific viral strain
causing previously-experienced symptoms was not identified. As in recovered populations, vaccinated individuals are assumed to have total protection against the
virus that does not wane. Vaccines that go to individuals
in populations IU and RC are considered wasted, since
immunity was already acquired through infection. We
use the variable VU to keep track of vaccinated individuals from IU, and VSC to track those vaccinated from
populations S and IC. Importantly, those vaccinated
while belonging to the population I U continue to be
infectious, and recover or die at the same rates as those
who did not receive the vaccine.
The vaccine stockpile, v̄, is limited. For most of the
simulations shown here, it is assumed that v̄ corresponds to a maximal coverage of 30% of the total population, a level of supply supported by vaccine production
and distribution data for industrialized nations such as
the U.S. [21,60,61]. The administration of vaccines starts
at some time t = ta and effectively ends in one of two
ways: (1) the vaccination campaign ends after some prescribed duration at time t b , or (2) the stockpile is
depleted at time td.
Model

The dynamics of the model are defined by a system of
non-autonomous ordinary differential equations of the
form
Ṡ = −λ(S, I, t) − vS (t),

(1)

İC = pλ(S, I, t) − (c + δ)IC ,

(2)

İU = (1 − p)λ(S, I, t) − (c + δ)IU − vU (t),

(3)

V̇U = vU (t) − (c + δ)VU

(4)

ṘC = cIC − vR (t),

(5)

ṘU = c(IU + VU ),

(6)

V̇SC = vS (t) + vR (t).

(7)

Ḋ = δ(IC + IU + VU ),

(8)

so the infected, recovered, and vaccinated populations
are given by
I = IC + I U + VU ,

R = RC + RU ,

V = VU + VSC .

(9)

The new infections per unit time are
λ(S, I, t) = b

S
[IC + α (IU + VU )] + φ(t),
N

(10)

where p is the probability of being infected and confirmed, c is the rate of recovery of infected individuals
(1/recovery time), δ is the infection-related death rate, b
represents the mean probability of infection per contact.
The function δ(t) defines a small bell-shaped pulse of
the form


x0
(t − t0 )2
(11)
φ(t; t0 , x0 , a) = √ exp −
,
2a2
a 2π
that allows the insertion of (possibly more than one)
infected individuals into an otherwise susceptible population at a time t0. The parameter x0 can be thought of
as the number of infected individuals in the initial outbreak. The parameter a allows control over the timeduration of this initial outbreak. The use of this function
adds the convenience of varying the starting point of the
epidemic without assuming there are infected individuals at time t = 0, thus providing an anchor time
around which vaccination, or other events, can be measured independently of the initial conditions of the system. This property is particularly useful to estimate the
starting time of outbreaks which precede large epidemics (e.g. outbreaks in Mexico that preceded the
H1N1 pandemic of 2009 [62]), or to simulate vaccination campaigns starting in anticipation of outbreaks (e.g.
seasonal influenza or subsequent pandemic waves).
Similar perturbation techniques are commonly used in
computational physiology to simulate stimulation of
excitable cells [63,64]. To ensure that use of the pulse
does not result in negativity, we inserted a condition in
the simulations to set j(t) = 0 whenever
√
S(t)(1 − bI(t)/N(t)) < x0 /(a 2π ). This control prevents
more individuals from being removed from population S
due to the pulse than are present.
The functions vS(t), vU(t), and vR(t) represent, respectively, expressions for the vaccines given each day to
individuals from the S, IU, and RC populations, and will
be defined in detail in the following section. The total
number of vaccines administered per day is then
vD (t) = vS (t) + vU (t) + vR (t).

(12)

Two extra (redundant) variables, W and F, are introduced in the simulations to quantify, respectively, the
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wasted vaccines (those given to I U and R C ) and the
cumulative number of infected individuals (the sum of
all new infections) as a function of time:
Ẇ = vU + vR

(13)

Ḟ = λ(S, I, t)

(14)

Proportional and non-proportional vaccination

The strategy adopted in most existing models of vaccination is to choose some constant, k, such that the
number of people vaccinated per day is kx, where x is
the vaccinable population [31-40,43,45-48]. As discussed
earlier, many of these models also assume that vaccines
are only administered to susceptible individuals, thereby
setting the number of vaccinated people per day equal
to kS. We refer to this scheme as the proportional
model of vaccination. However, such a proportion may
represent a very small or large number of people compared to the number of overall vaccines available and
the number that can reasonably be administered in one
day. Instead, we propose modeling vaccination by placing a limit on the number of daily vaccines before they
are distributed between the epidemiological populations.
We refer to the scheme presented herein as the nonproportional model of vaccination because the administration of vaccines depends on a daily limit, rather than
on a proportion of the population.
Non-proportional vaccination rates

At each time step during the simulations, it is checked
that there were enough vaccines in stock (V(t) < v̄). If
this condition is satisfied, the maximum number of vaccines per day, v̄D, is split according to the relative sizes
of the different populations eligible for vaccination. To
do so, we define the weights
wS (t) =

S(t)
,
M(t)

wU (t) =

IU (t)
,
M(t)

wR (t) =

RC (t)
, (15)
M(t)

where M(t) = S(t) + IU(t) + RC(t) is the total number
of people eligible for vaccination at time t. M is thus a
decreasing function of t satisfying M(t) ≤ N. The maximum number of vaccines per day that each population
can receive is
v̄S (t) = v̄D wS (t),

v̄U (t) = v̄D wU (t),

v̄R (t) = v̄D wR (t). (16)

Note that if either S, IU, or RC are zero, their corresponding weight would also be 0, and the maximum
number of vaccines allocated for that population would
be 0 as well.
Depending on the starting day of vaccination, ta, and
on the maximum number of vaccines, v̄D, it is possible

that some days there will be fewer individuals in a given
epidemiological population than v̄x (t), the maximum
number of vaccines available for that population. In
other words, the vaccinable population could become
negative if for x Î {S, I U , R C }, x(t) < v̄x (t). To ensure
that x never becomes negative due to the removal of
vaccinated individuals, we assess whether each of these
populations has enough people to be vaccinated at each
step of the simulation. First, we calculate the vaccination-independent change in x at time t:
⎧
x = S,
⎨ −λ(S, I, t)
f (x, t) = (1 − p)λ(S, I, t) − (c + δ)IU x = IU ,
(17)
⎩
cIC
x = RC .
We use f to estimate x̂, the size of x(t + h) where h is
the maximum time step of the solver [65], and calculate
the number of administered vaccines, v x (t), based on
this estimate. To ensure the non-negativity of x(t), the
number of vaccinated people removed from x cannot be
larger than x̂. In other words, the condition vx (t) ≤ x̂,
must be satisfied so that x(t) ≥ 0 for all t. The number
of vaccines administered per day to population x is then
either: (i) vx (t) = v̄x (t) if x̂ > v̄x (t), or (ii) vx (t) = x̂ if
x̂ ≤ v̄x (t). Note that according to condition (ii), if the
estimated size of the population is zero, then there will
be no vaccines given to that population. More formally,
the number of vaccines administered to population x is
defined as:


vx (t) = max(min v̄x (t), x̂ , 0), x ∈ {S, IU , RC }. (18)
Eq. (18) results in non-negative values of x(t) for all t
for all x Î {S, IU, RC} if the time step is small enough.
As a rule of thumb, the maximum time step should be
10-3 or smaller.
It follows from Eqs. (16) and (18) that vD (t) ≤ v̄D for
all t. Note that saturation (vD = v̄D ) cannot always be
assumed because at some point there may not be
enough individuals eligible for vaccination. This implies
that there will be vaccines available for at least v̄/v̄D
days.
Rationale of comparison between proportional and nonproportional vaccination

For simplicity, consider an interval of time in which a
population of size x contains no infected individuals,
and assume all individuals are eligible for vaccination. If
vaccines are supplied at the limit of capacity, the daily
number of vaccines is a constant, namely, v̄D. In this
case, the time course of x is described by a decreasing
linear function of the form x(t) = x0 − v̄D t (Figure 1,
solid line; Figure 2, solid line in right column.) For comparison, let k = v̄D /x0 where x0 is the initial size of the
vaccinable population, and assume proportional
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Figure 1 Proportional and non-proportional decay of the
vaccinable population. Proportional decay (dashed line) is given
by x(t) = x0e-kt, for k = 0.1. Non-proportional decay (solid line) is
given by x(t) = x0 − v̄D t , where v̄D = kx0.

vaccination (ẋ = −kx). The decay in this case will be
exponential at a rate k (Figure 1, dashed line; Figure 2,
dashed line in right column). The difference in the time
courses of these two decays, in particular the slower
decay in the proportional model, may play an important
role in shaping the mitigating effects of vaccination on a
developing epidemic.
Simulations

All numerical solutions of the model were obtained
using Python 2.6 in a Lenovo T400 laptop with an Intel
(R) Core(TM)2 Duo CPU T9600 at 2.8 GHz running
Linux Kubuntu version 11. Simulations were performed
using the solver odeint contained in the Python module
scipy.integrate [66], which uses lsoda from the Fortran
library odepack. The solver uses Adams method for
nonstiff problems, and a method based on backward differentiation formulas for stiff problems. In addition,
odeint allows time-step control to test numerical
schemes and precision (simulations not shown). Figures
were produced with the Python module matplotlib [67].

Results
Mitigating effects of vaccination in the proportional and
non-proportional models

Initially, to compare the proportional and non-proportional models of vaccination, we conducted simulations
in which the vaccination campaign lasted 30 days. This
duration can be thought of as defined by constraints in
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medical personnel and other factors affecting the administration of vaccines (eg. pharmaceutical company distribution schedules, operation of health care facilities,
governmental budgets, etc.). Assuming a stockpile
equivalent to 30% of the total population, the distribution rate in the proportional model is set to 1% of the
vaccinable population per day (k = 0.01). Equivalently,
the maximum daily administration in the non-proportional model is then 10 6 vaccines (v̄D = 106 ). Figure 2
shows the infected, vaccinated, and vaccinables as functions of time for vaccination campaigns starting at three
different times relative to the initial outbreak (t0 = 10):
(1) 10 days after t0 (ta = 20), so that the entire campaign
occurs well before the epidemic starts (Figure 2a, b), (2)
40 days after t0 (ta = 50), so the campaign ends shortly
before the start of the epidemic (Figure 2c, d); and (3)
70 days after t0 (ta = 80), in which case the campaign is
ongoing as the epidemic begins (Figure 2e, f). These
campaign start times correspond to real-world scenarios.
Early vaccination, as in campaign (1), is possible if a vaccine is already available and outbreaks are anticipated, as
might be the case with seasonal influenza or with additional epidemic waves caused by a previously identified
viral strain. Vaccination following detection of an outbreak, but before epidemic levels are reached (2), is
again possible if a vaccine is available and efficient disease surveillance systems are present. However, if the
surveillance system is not able to identify small outbreaks, or a vaccine is not immediately available, vaccination may not be implemented until after the epidemic
starts (3).
The dynamics shown in Figure 2 reveal a number of
similarities and differences between the proportional
and non-proportional models of vaccination, which in
turn depend on interactions between the start time and
duration of the vaccination campaign, and the limitations on daily administration. During the early stages of
vaccination, the rate of increase in the proportion of
vaccinated individuals in the population is equivalent in
the two models, as is the rate of decrease in the proportion of vaccinable people (Figure 2b, d, f). As time proceeds, however, the rate of vaccination in the
proportional model slows down, while the rate in the
non-proportional model holds fairly steady. Due to the
duration of the campaign and the daily rate of administration, the campaign ends before the stockpile is
depleted, and the proportional model does not have
time to ‘catch up’ to the non-proportional model.
Therefore, by the end of the campaign, a larger proportion of the population has been vaccinated in the nonproportional model. This increased vaccination coverage
causes the epidemic in the non-proportional model to
develop more slowly, increasing its duration, but
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Figure 2 Effects of vaccination in the proportional and non-proportional models for different campaign starts. The proportional model
is represented by dashed black lines and the non-proportional model by solid black lines. The graphs in the left column (a, c, e) show the
proportion of infected people as a function of time. The graphs in the right column (b, d, f) show the proportion of the population vaccinated,
and those still eligible for vaccination (vaccinable), over time. The initial population size is 108 people. Infected individuals are inserted into the
susceptible population with a pulse on day 10 (t0 = 10; solid vertical gray line). The vaccination campaign is initiated on day 20 (a, b), 50 (c, d),
or 80 (e, f), and lasts 28 days. Start (ta)and stop (tb) times of the campaign are indicated by dashed vertical lines. Vaccination occurs at a rate of
1% of the eligible population per day (proportional; k = 0.01), or at a maximum of 106 vaccines per day (non-proportional, v̄D = 106).

ultimately resulting in a smaller and later peak in comparison to the proportional model (Figure 2a, c, e). The
differences between the two models, with respect to the
time course and severity of the epidemics, are largest
when vaccination begins around the time of the initial
outbreak (t 0 ) and ends well before the epidemic hits
(Figure 2a). As described previously, these differences
are directly attributable to the increased number of vaccines administered in the non-proportional, relative to
the proportional, model (Figure 2b). If vaccination
occurs early, then the majority of those vaccinated are
from population S, and therefore an increased level of
coverage in the non-proportional model has a measurable effect on the epidemic development and size.
Instead, if vaccination begins 40 days after t 0 and the
campaign ends shortly before the epidemic starts, the
differences between the epidemics produced by the two
models, especially with respect to the time course, are
smaller (Figure 2c). Again, the proportion of people vaccinated in the non-proportional model is larger than in
the proportional (Figure 2d). However, since vaccination
begins some time after the initial introduction of
infected individuals into the susceptible population,
some of the additional vaccinated individuals in the

non-proportional model are from populations I U and
RC. In other words, the increased coverage in the nonproportional model has less of a mitigating effect when
vaccination starts later because fewer of the vaccinated
people are susceptibles. Finally, if vaccination begins 70
days after t0 and is ongoing as the epidemic starts, the
number of vaccinated individuals from populations IU
and R C is now even greater, essentially diluting the
effect of the increased coverage in the non-proportional
model (Figure 2f) further. Therefore, the models produce epidemics which are very similar in their time
course, and differ primarily in their peak size (Figure
2e).
We also compared the proportional and non-proportional models when the same total number of vaccines
was administered in each. This was accomplished by
setting the campaign duration and daily administration
limits such that all the vaccines in the stockpile were
used. In this way, the same level of coverage is achieved,
though the proportional model always takes longer to
reach this level due to slowing of the administration
rate over time. As long as vaccination occurs early,
before the number of infections increases substantially,
the additional time needed for the proportional model
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to administer the whole stockpile has a minimal effect
on the final coverage in the susceptible population.
Thus, the epidemics produced by the two models are
nearly identical (Additional File 1). However, if vaccination does not begin until after the epidemic is underway,
the increasing number of infections over time starts to
affect the level of coverage achieved in S. The slower
rate of administration in the proportional model results
in an increased number of susceptibles at certain times
during the epidemic, relative to the non-proportional
model. This increased susceptibility results in a slightly
faster epidemic development than is seen in the nonproportional model (Additional File 1e), and occurs
despite the fact that the final number of vaccines administered is the same for both models.
Additional simulations revealed similar results for several combinations of campaign duration and daily
administration limit (see subsequent section for more
details). In general, if the campaign ends before the vaccine stockpile is depleted, more vaccines are always
administered in the non-proportional model, and the
epidemics produced by the two models are different
with respect to timing and severity. Instead, if the same
total number of vaccines is administered in each model,
the epidemics do not differ unless vaccination begins
very late.
Comparison of the models for variable daily
administration and campaign duration

To further explore in both models the effects of changing the timing of the vaccination campaign, we systematically varied ta under three different scenarios of daily
administration capacity and campaign duration. These
three scenarios can be thought of as ranging from ‘conservative’ to ‘aggressive’ in terms of the number of vaccines administered within a given time period, and are
as follows: (1) a 56 day campaign vaccinating 0.1% (proportional) or a maximum of 105 vaccines (non-proportional) per day; (2) a 28 day campaign vaccinating 1% or
a maximum of 106 vaccines per day; (3) a 3 day campaign vaccinating 10% or a maximum of 10 7 vaccines
per day. For each of these combinations of campaign
duration and daily administration limit, the non-proportional model administers a larger total number of vaccines than the proportional model. The data obtained
from these simulations were used to calculate the final
size, peak size, time to peak, and epidemic duration as a
function of the difference between ta and t0.
The conservative campaign (1) results in no detectable
differences between the proportional and non-proportional models on any quantified measure (Figure 3a1a4). Under this low level of daily administration, the
decay in the vaccinable population is very slow in both
models and there is not time for the decay rates to
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diverge before the campaign ends. The level of vaccination coverage in both models is therefore the same and
in turn, the number of susceptible people that get
infected over time is very similar. In addition, because
so few people are vaccinated overall, the mitigating
effects of vaccination are minimal and each measure
varies little as a function of the timing of the vaccination
campaign (ta - t0). Late vaccination start times caused
the peak and final size to increase, and the peak time
and epidemic duration to decrease, but only marginally.
Though the models behave similarly when examined
under the conservative vaccination regime, the moderate
regime (2), equivalent to the campaign used for the
simulations in Figure 2, reveals important differences
between the models on all four measures (Figure 3b1b4). For early vaccination starts, final and peak sizes are
smaller, while peak times and epidemic durations are
larger, in the non-proportional than the proportional
model. As discussed previously, these differences result
from the higher level of vaccine coverage achieved in
the non-proportional, relative to the proportional,
model. With later vaccination starts, due to the increasing number of vaccinated individuals from populations
IU and RC, the differences between the models decrease
until the models converge on most measures. Interestingly, with respect to epidemic duration, the two models
not only converge, but reverse their respective relationship; epidemic durations are slightly smaller in the nonproportional model for very late vaccination start times
(Figure 3b4). For the aggressive campaign (3), the proportional and non-proportional models also differ with
respect to the time course and severity of epidemics
(Figure 3c1-c4). The differences are the same as those
seen under the moderate vaccination regime, namely
smaller final and peak sizes, and larger peak times and
epidemic durations, in the non-proportional model. The
same relationship is also observed between the magnitude of these differences and the timing of the vaccination campaign relative to the initial outbreak. Later
vaccination start times result in a convergence of the
proportional and non-proportional models on all
measures.
We also performed these same simulations for different combinations of campaign duration and daily
administration limit. The vaccination scenarios are as
follows: (1) a 300 day campaign vaccinating 0.1% (proportional) or a maximum of 105 vaccines (non-proportional) per day; (2) a 35 day campaign vaccinating 1% or
a maximum of 106 vaccines per day; (3) a 5 day campaign vaccinating 10% or a maximum of 10 7 vaccines
per day. Under these conditions, the vaccine stockpile is
depleted before the end of the campaign, resulting in
the same number of vaccines being administered in
each model. The epidemics produced by the two models
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Figure 3 Effects of vaccination in the two models for different administration rates and campaign durations. Epidemic measures are
shown for proportional (open circles) and non-proportional (filled dots) models. Final size, peak size, peak time, and epidemic duration are
plotted as a function of the difference between the vaccination start time (ta) and the onset of the initial outbreak (t0; solid gray line). The
vaccination campaign durations and daily administration rates are as follows: (1) 56 day campaign with k = 0.001 (proportional) or v̄D = 105
(non-proportional) (a1-a4), (2) 28 day campaign with k = 0.01 or v̄D = 106(b1-b4), and (3) 3 day campaign with k = 0.1 or v̄D = 107(c1-c4).
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are thus not measurably different, as previously
explained, except for the latest vaccination start times
under the moderate regime (Additional File 2).
Effects of non-proportional vaccination for different levels
of population coverage

Finally, we investigated the mitigating effects of vaccination in the non-proportional model when different target levels of total population coverage are met at
different times relative to the initial outbreak. All simulations shown previously assume a maximum of 30%
population coverage due to the size of the stockpile
(v̄ = 30 × 106 ). To simulate vaccination campaigns with
higher levels of coverage, we increased v̄ to a size
equivalent to 20, 40, 60, or 80% of the population. In
addition, since the effective coverage in the susceptible
population could be altered if a large number of vaccines go to infected unconfirmed individuals, we performed the same simulations for p = 0.2 or p = 0.65
(the value used in all previous simulations). In other
words, unconfirmed cases represent either 80% or 35%
of total infections, respectively. The probability of infection per contact is adjusted so that the basic
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reproductive number (R0) is the same in both simulations. Figure 4 shows the proportion infected over time
when 20% (a, e, i), 40% (b, f, j), 60% (c, g, k), or 80% (d,
h, l) of the population is vaccinated with a maximum of
106 vaccines per day. The vaccination campaign starts
10 (Figure 4, left column), 40 (middle column), or 70
days (right column) after the initial oubreak at day t0 =
10. Vaccination ends when the target level of coverage
is achieved i.e. the higher the coverage, the longer the
campaign.
The results show that even if 20% of the population is
vaccinated, there is still a sizeable epidemic (Figure 4a,
e, i). Furthermore, starting vaccination earlier does not
dramatically decrease the number of infections, though
it does delay the start of the epidemic. At 40% coverage,
the number of infections is highly dependent on when
the vaccination campaign begins (Figure 4b, f, j). When
vaccination starts only 10 days after the pulse, it successfully prevents an epidemic from occurring (Figure
4b). A start time of 30 days later does not prevent a
small number of late-occurring infections, but is still a
highly effective mitigation strategy (Figure 4f). A fullblown epidemic does occur if vaccination starts as late

Figure 4 Effects of vaccination in the non-proportional model given different levels of population coverage. Simulations were
performed using the non-proportional model of vaccination with v̄D = 106. The pulse inserting infected individual(s) into the susceptible
population occurs at t0 = 10 (gray solid vertical lines). The proportion of people infected over time is plotted for vaccination start times, ta = 20
(a-d), ta = 50 (e-h), and ta = 80 (i-l). Start times are indicated with dashed lines in each panel. The target level of vaccination coverage in the
total population varies between 20% and 80%, as indicated. Dotted lines mark the end of the vaccination campaign when the target coverage
level is reached. The probability of being confirmed, p, is set at either 0.20 (thick gray lines) or 0.65 (thin black lines), and b adjusted accordingly
such that R0 = 2.0 for all simulations. Note that the gray and black lines overlap. The inset in panel (i) illustrates the change in the epidemic
dynamics at the time vaccination ends.
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as 70 days after the initial outbreak, but the peak size is
smaller than that observed with only 20% coverage (Figure 4j). At 60% coverage the results of vaccination are
similar, though even more effective (Figure 4c, g, k).
Starting vaccination 10 or 40 days after the pulse completely quells the outbreak (Figure 4c, g), while beginning 70 days later does not prevent a small, but short,
epidemic from occurring (Figure 4k). Increasing coverage from 60% to 80% does not confer much additional
benefit with respect to either arrival, size, or time course
of the epidemic (Figure 4d, h, l), but does result in a larger number of wasted vaccines (Additional File 3). The
results are similar for the two values of p for all simulations, regardless of the level of coverage or the vaccination start time. In other words, increasing the
proportion of unconfirmed cases does not alter the mitigating effects of vaccination. Decreasing the value of p,
and thereby increasing the number of vaccines going to
population IU, increases the number of wasted vaccines
only slightly (Additional File 3). Thus, for the parameter
choices made here, the majority of wasted vaccines go
to population RC, and changing the number going to IU
does not significantly change the level of coverage in S.

Discussion
Epidemiological models can be vital tools for government and medical professionals who need to understand
the spread of diseases and the effects of mitigating strategies, such as vaccination, to form public policies that
will help reduce the burden of disease [9,68]. These
models are only useful, however, if they generate accurate predictions and the tools they provide can be
applied to real situations. We argue that many epidemiological models examining the mitigating effects of
vaccination incorporate a number of unrealistic assumptions. These include: (1) large vaccine stockpiles, (2)
vaccination of only the susceptible class, and (3) the
administration of vaccines based on a proportion of the
population, without taking into account daily administration constraints. We constructed a model designed to
incorporate more realistic assumptions about the supply
and distribution of vaccines.
Vaccine stockpile size

We placed a conservative, but reasonable, limit on the
total number of vaccines available at 30 ×106; enough to
cover 30% of the population. A stockpile covering this
percentage of the population is in agreement with seasonal influenza vaccine production and distribution for
resource-rich countries, such as the U.S. [21,60,61].
From 2000 to 2009, the number of seasonal vaccines
produced annually for use in the U.S. did not exceed
140.6 million (~46% of the total population of 307 million [69,70]), and in most years was far less at an
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average of 99.7 million (~32%) [60]. Even Canada, with
the largest per capita annual influenza vaccine distribution of all countries surveyed, distributed only enough
vaccines as of 2003 to cover ~34% of their population
[21]. For many other countries in the world, annual vaccine supplies are nowhere near enough to cover 30% of
their population, primarily due to the lack of vaccine
production capabilities and the resources needed to buy
vaccines from producing countries [20-22,24]. As of
2003, over 60% of the total influenza vaccines distributed annually went to countries comprising only 12% of
the world population, leaving 88% of the world facing
potential vaccine shortages [20,21].
In 2009, the emergence of a novel influenza A (H1N1)
strain [52-54] tested the world’s ability to rapidly
develop and distribute large numbers of vaccines to
combat an ongoing pandemic [71,72]. Though vaccine
development was quick and successful, production levels
fell far short of initital estimates [72], and even developed countries struggled to secure sufficient vaccines to
cover their populations before subsequent waves hit
[54,73,74]. By the time the fall wave peaked in the U.S.
in mid October, only ~10 million vaccines were available [74]; Canada had distributed less than 6 million
vaccines [75] when their second wave peaked just a few
weeks later [73,76]. It wasn’t until mid December 2009
that the number of vaccines available in the U.S.
reached levels high enough to cover 30% of the population [74]. Canada had enough vaccines by the first week
of December to cover a larger percentage of their population (~67%) [75], but were subsequently accused of
wasting resources as most vaccines arrived too late to
have an effect during the peak periods of influenza
activity [73,77]. For developing nations the situation was
much worse [54,62,72]. For example, the Mexican government indicated in June of 2009 that they would have
30 million H1N1 vaccines (enough to cover ~30% of the
population) [62,78,79]. Yet, three waves of infection had
already hit by the time the first 650 thousand vaccines
arrived in late November [62]. By December 1, 2009 the
global production of H1N1 vaccines had reached 534
million, enough to cover only ~8% of the world population [72]. Many developing countries did not have any
vaccines until January 2010 [72]. The production and
distribution of seasonal and pandemic vaccines show
that stockpiles assumed in many models are in excess of
what is usually available. Some studies modeling vaccination in simulated U.S. populations have considered
upper limits of 300-400 million vaccines (100%+ coverage) [31,33]; levels more than double the U.S. annual
production [60] and close to the global production of
seasonal influenza vaccines [61,72,80]. Other models
looking at vaccination during a pandemic have assumed
population coverage levels as high as 70-90%
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[32,34,35,38,39,81], levels not achieved by many wealthy
nations during the most recent pandemic, and currently
out of reach for most developing nations [20-22,24].
In 2004, the WHO published two separate reports on
guidelines for vaccine use during a pandemic [9] and
pandemic preparedness in countries with limited
resources [82]. In both reports, they remarked on the
usefulness of mathematical models for examining different pandemic scenarios and the effectiveness of strategies, such as vaccination, in mitigating outbreaks [9,82].
However, they lamented that, “...no scenarios appropriate to developing countries are readily available” (see
[9], pg. 5), a sentiment echoed by others [22]. In 2005, a
model of a developing country in Southeast Asia, Thailand, was used to examine vaccination strategies in the
context of an avian influenza epidemic [32]. To realistically model factors such as age and household-size distributions, and population mixing, they relied on census
data from the Thai government and social network studies of Thai communities. Yet, they assumed that vaccination coverage in the population of 500 thousand
people was 50-70%, equivalent to a total of 250-350
thousand vaccines [32]. Between 2000 and 2003, a total
of 64-253 thousand vaccines were distributed to the
entire WHO-defined region of Southeast Asia with a
population of over 1.5 million [20,21]. Specifically in
Thailand, between 1997 and 2003 the number of vaccines distributed per capita was ~1 per 1000 people
(0.1% coverage) [20,21]. Thus, the crucial detail of setting a limit on the vaccine stockpile that was realistic
for Thailand was neglected in the model.
Though many of the parameters in our model listed in
Table 1 including vaccine stockpile, were set to values
observed mostly for developed countries, the model is
easily adjusted to apply to developing countries. The
size of the stockpile, v̄, can be set to correspond to very
low levels of population coverage.
In these cases, we would expect to see that vaccination
campaigns would have less of a mitigating effect, resulting in larger epidemics with earlier time to peak than
the simulations shown here. However, it should be
noted that the general results regarding the comparison
between the proportional and non-proportional models
still hold for a wide range of stockpile sizes.
The vaccine stockpile can also be increased to model
the effects of increasing population coverage, as done
for the simulations in Figure 4. As expected, we find
that increasing the percentage of the population protected by vaccination decreases the size and duration,
and delays the arrival, of the epidemic. At only 40% coverage the epidemic can be completely prevented, if vaccination begins early enough. Even vaccination
beginning around the start of the epidemic can help significantly to control the number of infections. However,
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if vaccination cannot begin sooner than this time, it is
important to note that increasing coverage from 60% to
80% in our simulations does not further decrease the
size or duration of the epidemic. Therefore, continuing
campaigns during an epidemic until 80% of the population is vaccinated may result in a large number of vaccines being wasted in return for little benefit (Additional
File 3).
Vaccination of multiple epidemiological populations

In our model, not only susceptible individuals, but also
unconfirmed infected and confirmed recovered people,
are eligible for vaccination. There is little documentation
about the actual number of unconfirmed and recovered
people who do get vaccinated. However, in the context
of the 2009 H1N1 vaccination campaigns, the CDC
recommended that those who had influenza-like symptoms (i.e. recovered) should still get vaccinated, if medically indicated, due to uncertainty about which specific
viral strain caused the illness [83]. In addition, they stated that even in those cases when infection by 2009
H1N1 had been confirmed by laboratory testing, it was
an individual’s choice as to whether to receive vaccination. Thus, recovered people, even those who were previously symptomatic and confirmed, can seek and
receive vaccination. In this respect, the eligible population in our model is reasonable.
Expanding vaccine administration to include the
unconfirmed population, in particular, also allowed us
to examine the role that a high rate of asymptomatic
cases might play in the context of vaccination efforts
[42]. This is particularly relevant for 2009 H1N1, which
was reported by some as characterized by a large proportion of asymptomatic cases [84]. However, in our
simulations, decreasing the probability of being confirmed, p, from 0.65 to 0.20 does not alter the mitigating
effects of vaccination (Figure 4). The majority of wasted
vaccines in our model go to the confirmed recovered
population (Additional File 3) so that the number of
vaccines going to the unconfirmed class does not significantly change the level of coverage in the susceptible
population. Larger effects may be seen when the vaccine
stockpile is severely limited, as could be the case for
developing countries.
Limited number of vaccines administered per day

The key observation prompting the development of the
model presented here was that most existing models of
vaccination of which we are aware distribute vaccines
based on a proportion of the eligible population
[31-40,43-48]. Considering that vaccination clinics operate with a finite number of medical professionals for a
finite number of hours, however, it is clear that distribution happens in practice based on the number of
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vaccines that can be administered per day [25-30]. Pandemic prepareness plans devised by county health
departments often calculate the necessary length of vaccination campaigns using a formula based on daily
administration capacity (e.g. see [28]). Therefore, we
model vaccination by placing a limit on the number of
daily vaccines (non-proportional model).
Initially, to compare the proportional and non-proportional models of vaccination we assumed that the daily
limit was 106 vaccines (a value corresponding to 1% of
the population). A number of resources discuss the
administration capabilites needed to distribute specific
numbers of vaccines [25-30]. For example, a model by
Aaby et al. [25] predicted that 316 people could be vaccinated per hour with the aid of 18 nurses. Thus, one
clinic operating for 8 hours could vaccinate 2,528 people
per day. To reach a daily administration of 106 vaccines
would therefore require more than 395 clinics and more
than 7,110 nurses (or other capable medical professionals). Similarly, estimates from the CDC are that a
single vaccinator at a station can administer 30 vaccines
per hour. With 16 hours of operation and 4-8 stations,
one clinic could administer 1,900-5,000 vaccines per
day. At this rate, it would require 200-526 clinics and
1,600-8,416 vaccinators to distribute 106 vaccines per
day. Data from actual vaccination clinics reveal a similar
story. In 2004, a mass vaccination clinic in Maryland
administered vaccines to more than 3,000 people in a
single day with a workforce of 36 nurses, and 38 additional staff. Thus, to reach 106 vaccines per day would
have required more than 333 clinics, nearly 12,000
nurses, and over 12,654 additional workers. Based on all
these estimates, if instead a daily rate of 107 vaccines
(10% of the population) is desired, the clinics and staff
needed would increase to the thousands and hundreds
of thousands, respectively. For these reasons, we set 107
(10%) as the upper limit of daily administration.
In some nations, where the medical resources are sufficient and the infrastructure is present, high daily rates
of vaccine administration may be possible. Even so,
mass vaccination campaigns often require extensive
planning and agency cooperation to carry out
[27-29,74], and are not intended to be sustained for
long periods of time. In addition, long campaigns at
high rates of daily administration would require very
large vaccine stockpiles. Therefore, we limited high daily
administration (107 or 10%) campaigns to a small number of days (≤5). For many developing nations with
minimal resources, however, daily vaccine administration capacity is much more limited [22]. To model the
mitigating effects of vaccination in these nations the
daily administration limit, v̄D, is easily lowered in the
model to reflect the medical facilities, workforce, and
other resources available.

Page 13 of 16

Comparison of models in context of total vaccines
administered

We predicted, based on the solutions of the equations
representing the proportional and non-proportional
models, that the different decays in the vaccinable population (Figure 1), would lead to distinct epidemic
dynamics. This prediction was confirmed under several
vaccination scenarios in which the campaign duration
and daily administration limit were such that vaccination ended before the stockpile was depleted (Figure 2
and Figure 3). Under such conditions, the non-proportional model always administers a larger total number of
vaccines, which results in smaller and later, but sometimes longer, epidemics than in the proportional model.
This is true for both moderate and high levels of daily
vaccine administration, and is more pronounced the
sooner vaccination starts after the initial outbreak.
If instead vaccination continues until the stockpile is
depleted, the same total number of vaccines are administered in each model, and the epidemics produced are
very similar in time course and severity (Additional Files
1, 2). The only differences between the two models in
these cases are seen under the moderate regime when
vaccination starts after the epidemic hits. Then, the
slower rate of vaccine administration in the proportional
model means that there is a small increase in the susceptiblity of the population during the epidemic, which
results in a slightly faster and more severe epidemic
than in the non-proportional model. In contrast, at low
daily rates of administration, the models do not differ
much on any measure, regardless of whether the same
total number of vaccines in administered. This occurs
because so few people are vaccinated per day that the
proportional and non-proportional decays in the vaccinable population do not have time to diverge. Thus, the
models achieve the same level of vaccine coverage even
if the stockpile is not depleted.
Difference in epidemic duration

One of the largest differences between the two models
when different total numbers of vaccines are administered is the epidemic duration. This stems from the
increased coverage of the population in the non-proportional model, which allows the epidemic to develop
more slowly, but can also cause it to last tens of days
longer than predicted by the proportional model. Interestingly, a similar effect was found in an agent-based
model of influenza (for a review of these types of models see [85]). Hartvigsen et al. [81] showed that for certain schemes of connectivity between the agents
(individuals), increasing vaccination coverage from 0%
through ~30% increased the epidemic duration; an effect
that occurred due to slowing of the epidemic development. Having the benefit of a smaller, delayed peak
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could therefore come at a cost, since it could result in a
sustained burden on the healthcare system. Models that
make more accurate predictions about the length of epidemics will allow health care professionals and medical
facilities to prepare accordingly.

Conclusions
We developed a model to explore the mitigating effects
of vaccination on influenza outbreaks. We argue that
our model constitutes a theoretical improvement over
existing models, with advantages that include datainformed parameter choices, vaccination of multiple epidemiological classes, a reasonable vaccine stockpile, limits on the number of vaccines administered per day, and
ways to estimate wasted resources. In particular, the
non-proportional vaccine administration implemented
in our model may provide more accurate predictions of
the mitigating effects of vaccination than proportional
models, particularly when moderate or high levels of
daily administration are considered. In addition, supply
and daily administration capacity can be adjusted to
study vaccination strategies in developing nations with
limited resources. Government and medical officials can
also use the tools provided here to create influenza preparedness plans for specific communities based on their
available resources.

vaccination start times, ta = 20 (a-d), ta = 50 (e-h), and ta = 80 (i-l). Start
times are indicated with dashed lines in each panel. The target level of
vaccination coverage in the total population varies between 20% and
80%, as indicated. Dotted lines mark the end of the vaccination
campaign when the target coverage level is reached. The probability of
being confirmed, p, is set at either 0.20 (thick gray lines) or 0.65 (thin
black lines), and b adjusted accordingly such that R0 = 2.0 for all
simulations.
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Additional material
Additional file 1: Comparison of the proportional and nonproportional models when the stockpile is depleted. The
proportional model is represented by dashed black lines and the nonproportional model by solid black lines. The graphs in the left column (a,
c, e) show the proportion of infected people as a function of time. The
graphs in the right column (b, d, f) show the proportion of the
population vaccinated, and those still eligible for vaccination (vaccinable),
over time. The initial population size is 108 people. Infected individuals
are inserted into the susceptible population with a pulse on day 10 (t0 =
10; solid vertical gray line). The vaccination campaign is initiated on day
20 (a, b), 50 (c, d), or 80 (e, f), and lasts 40 days such that all the
vaccines are used in both models. Start (ta)and stop (tb) times of the
campaign are indicated by dashed vertical lines. Vaccination occurs at a
rate of 1% of the eligible population per day (proportional; k = 0.01), or
at a maximum of 106 vaccines per day (non-proportional, v̄D = 106).
Additional file 2: Effects of vaccination for administration rates and
campaign durations resulting in stockpile depletion. Epidemic
measures are shown for proportional (open circles) and non-proportional
(filled dots) models. Final size, peak size, peak time, and epidemic
duration are plotted as a function of the difference between the
vaccination start time (ta) and the onset of the initial outbreak (t0; solid
gray line). The vaccination campaign durations and daily administration
rates are as follows: (1) 300 day campaign with k = 0.001 (proportional)
or v̄D = 105 (non-proportional) (a1-a4), (2) 40 day campaign with k =
0.01 or v̄D = 106 (b1-b4), and (3) 5 day campaign with k = 0.1 or
v̄D = 107(c1-c4).
Additional file 3: Wasted vaccines for different population coverage
levels, vaccination start times, and proportion of unconfirmed
cases. Simulations were performed using the non-proportional model of
vaccination with v̄D = 106. The pulse inserting infected individual(s)
into the susceptible population occurs at t0 = 10 (gray solid vertical
lines). The proportion of vaccines wasted over time is plotted for

References
1. Chowell G, Miller M, Viboud C: Seasonal influenza in the United States,
France, and Australia: Transmission and prospects for control.
Epidemiology and infection 2008, 136(06):852-864.
2. Russell CA, Jones TC, Barr IG, Cox NJ, Garten RJ, Gregory V, Gust ID,
Hampson AW, Hay AJ, Hurt AC, de Jong JC, Kelso A, Klimov AI, Kageyama T,
Komadina N, Lapedes AS, Lin YP, Mosterin A, Obuchi M, Odagiri T,
Osterhaus ADME, Rimmelzwaan GF, Shaw MW, Skepner E, Stohr K,
Tashiro M, Fouchier RAM, Smith DJ: The global circulation of seasonal
influenza A (H3N2) viruses. Science 2008, 320(5874):340-346.
3. Simonsen L, Clarke M, Schonberger L, Arden N, Cox N, Fukuda K: Pandemic
versus epidemic influenza mortality: A pattern of changing age
distribution. The Journal of Infectious Diseases 1998, 178:53-60.
4. Simonsen L: The global impact of influenza on morbidity and mortality.
Vaccine. Supplement 1999, 17:S3-S10.
5. Stohr K: Influenza-WHO cares. The Lancet Infectious Diseases 2002, 2(9):517..
6. Viboud C, Bjornstad O, Smith D, Simonsen L, Miller M, Grenfell B:
Synchrony, waves, and spatial hierarchies in the spread of influenza.
Science 2006, 312(5772):447..
7. Osterholm M: Preparing for the next pandemic. New England Journal of
Medicine 2005, 352(18):1839-1842.
8. Stohr K, Esveld M: Will vaccines be available for the next influenza
pandemic? Science 2004, 306(5705):2195-2196.
9. World Health Organization: WHO guidelines on the use of vaccines and
antivirals during influenza pandemics. 2004 [http://www.who.int/csr/
resources/publications/influenza/WHO_CDS_CSR_RMD_2004_8/en/].
10. World Health Organization: Strengthening pandemic influenza
preparedness and response. 2005 [http://www.who.int/csr/disease/
influenza/A58_13-en.pdf].
11. Russell CA, Jones TC, Barr IG, Cox NJ, Garten RJ, Gregory V, Gust ID,
Hampson AW, Hay AJ, Hurt AC, de Jong JC, Kelso A, Klimov AI, Kageyama T,
Komadina N, Lapedes AS, Lin YP, Mosterin A, Obuchi M, Odagiri T,
Osterhaus AD, Rimmelzwaan GF, Shaw MW, Skepner E, Stohr K, Tashiro M,
Fouchier RA, Smith DJ: Influenza vaccine strain selection and recent

Cruz-Aponte et al. BMC Infectious Diseases 2011, 11:207
http://www.biomedcentral.com/1471-2334/11/207

12.

13.
14.
15.

16.
17.
18.

19.

20.
21.

22.

23.

24.
25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

studies on the global migration of seasonal influenza viruses. Vaccine
2008, 26:D31-D34.
Gross P, Hermogenes A, Sacks H, Lau J, Levandowski R: The efficacy of
influenza vaccine in elderly persons. Annals of Internal Medicine 1995,
123(7):518-527.
Nichol K: Efficacy and effectiveness of influenza vaccination. Vaccine
2008, 26:D17-D22.
Ramet J, Weil-Olivier C, Sedlak W: Influenza vaccination: The paediatric
perspective. Vaccine 2007, 25(5):780-787.
Fedson D: Preparing for pandemic vaccination: an international policy
agenda for vaccine development. Journal of Public Health Policy 2005,
26:4-29.
Glezen W: Herd protection against influenza. Journal of Clinical Virology
2006, 37(4):237-243.
Lee V, Fernandez G, Chen M, Lye D, Leo Y: Influenza and the pandemic
threat. Singapore Medical Journal 2006, 47(6):463-470.
Miller M, Viboud C, Balinska M, Simonsen L: The signature features of
influenza pandemics-implications for policy. New England Journal of
Medicine 2009, 360(25):2595-2598.
World Health Organization: Pandemic influenza preparedness and
response. 2009 [http://www.who.int/csr/disease/influenza/pipguidance2009/
en/index.html].
Fedson D: Pandemic influenza and the global vaccine supply. Clinical
Infectious Diseases 2003, 36(12):1552-1561.
Macroepidemiology of Influenza Vaccination Study Group: The Macroepidemiology of influenza vaccination in 56 countries, 1997-2003.
Vaccine 2005, 23(44):5133-5143.
Oshitani H, Kamigaki T, Suzuki A: Major issues and challenges of influenza
pandemic preparedness in developing countries. Emerging Infectious
Diseases 2008, 14(6):875-880.
Kieny MP, Costa A, Hombach J, Carrasco P, Pervikov Y, Salisbury D, Greco M,
Gust I, LaForce M, Franco-Paredes C, Santos JI, D’Hondt E, Rimmelzwaan G,
Karron R, Fukuda K: A global pandemic influenza vaccine action plan.
Vaccine 2006, 24(40-41):6367-6370.
Yamada T: Poverty, wealth, and access to pandemic influenza vaccines.
New England Journal of Medicine 2009, 361(12):1129-1131.
Aaby K, Abbey R, Herrmann J, Treadwell M, Jordan C, Wood K: Embracing
computer modeling to address pandemic influenza in the 21st century.
Journal of Public Health Management and Practice 2006, 12(4):365-372.
Centers For Disease Control and Prevention: Large-scale vaccination clinic
output and staffing estimates: An example. 2009 [http://www.cdc.gov/
h1n1flu/vaccination/statelocal/settingupclinics.htm].
Cho B, Hicks K, Honeycutt A, Hupert N, Khavjou O, Messonnier M,
Washington M: A tool for the economic analysis of mass prophylaxis
operations with an application to H1N1 influenza vaccination clinics.
Journal of Public Health Management and Practice 2011, 17:E22-E28.
Peterborough County-City Health Unit: Pandemic Influenza Plan, Annex A:
Mass Vaccination Plan. 2010 [http://pcchu.peterborough.on.ca/IC/ICpandemic-plan.html].
Phillips F, Williamson J: Local health department applies incident
management system for successful mass influenza clinics. Journal of
Public Health Management and Practice 2005, 11(4):269..
Washington M: Evaluating the capability and cost of a mass influenza
and pneumococcal vaccination clinic via computer simulation. Medical
Decision Making 2009, 29(4):414-423.
Germann T, Kadau K, Longini I Jr, Macken C: Mitigation strategies for
pandemic influenza in the United States. PNAS 2006,
103(15):5935-5940.
Longini I Jr, Nizam A, Xu S, Ungchusak K, Hanshaoworakul W, Cummings D,
Halloran M: Containing pandemic influenza at the source. Science 2005,
309(5737):1083-1087.
Nuňo M, Chowell G, Gumel A: Assessing the role of basic control
measures, antivirals and vaccine in curtailing pandemic influenza:
scenarios for the US, UK and the Netherlands. Journal of the Royal Society
Interface 2007, 4(14):505-521.
Yang Y, Sugimoto J, Halloran M, Basta N, Chao D, Matrajt L, Potter G,
Kenah E, Longini I Jr: The transmissibility and control of pandemic
influenza A (H1N1) virus. Science 2009, 326(5953):729..
Carrat F, Luong J, Lao H, Sallé A, Lajaunie C, Wackernagel H: A’small-worldlike’ model for comparing interventions aimed at preventing and
controlling influenza pandemics. BMC Medicine 2006, 4:26.

Page 15 of 16

36. Chowell G, Viboud C, Wang X, Bertozzi S, Miller M: Adaptive vaccination
strategies to mitigate pandemic influenza: Mexico as a case study. PLoS
ONE 2009, 4(12):e8164..
37. Ciofi degli Atti M, Merler S, Rizzo C, Ajelli M, Massari M, Manfredi P,
Furlanello C, Scalia Tomba G, Iannelli M, Ahmed N: Mitigation measures for
pandemic influenza in Italy: An individual based model considering
different scenarios. PLoS ONE 2008, 3:e1790.
38. Ferguson N, Cummings D, Fraser C, Cajka J, Cooley P, Burke D: Strategies
for mitigating an influenza pandemic. Nature 2006, 442(7101):448-452.
39. Flahault A, Vergu E, Coudeville L, Grais R: Strategies for containing a
global influenza pandemic. Vaccine 2006, 24(44-46):6751-6755.
40. Lee BY, Brown ST, Cooley P, Grefenstette JJ, Zimmerman RK, Zimmer SM,
Potter MA, Rosenfeld R, Wheaton WD, Wiringa AE, Bacon KM, Burke DS:
Vaccination deep into a pandemic wave: Potential mechanisms for a
“third wave” and the impact of vaccination. American Journal of Preventive
Medicine 2010, 39(5):e21-e29.
41. Centers For Disease Control and Prevention: Influenza symptoms and
laboratory diagnostic procedures.[http://www.cdc.gov/flu/professionals/
diagnosis/labprocedures.htm], (accessed March, 2011).
42. Prosper O, Saucedo O, Thompson D, Torres-Garcia G, Wang X, CastilloChavez C: Modeling control strategies for concurrent epidemics of
seasonal and pandemic H1N1 influenza. Mathematical Biosciences and
Engineering (MBE) 2011, 8:141-170.
43. Arino J, Brauer F, Van Den Driessche P, Watmough J, Wu J: A model for
influenza with vaccination and antiviral treatment. Journal of Theoretical
Biology 2008, 253:118-130.
44. Epstein J, Goedecke D, Yu F, Morris R, Wagener D, Bobashev G: Controlling
pandemic flu: the value of international air travel restrictions. PLoS One
2007, 2(5):401..
45. Ghosh S, Heffernan J, Galvani A: Influenza pandemic waves under various
mitigation strategies with 2009 H1N1 as a case study. PloS ONE 2010,
5(12):e14307..
46. Gojovic M, Sander B, Fisman D, Krahn M, Bauch C: Modelling mitigation
strategies for pandemic (H1N1) 2009. Canadian Medical Association
Journal 2009, 181(10):673-680.
47. Riley S, Wu J, Leung G: Optimizing the dose of pre-pandemic influenza
vaccines to reduce the infection attack rate. PLoS Med 2007, 4(6):e218..
48. Vardavas R, Breban R, Blower S: Can influenza epidemics be prevented by
voluntary vaccination? PLoS Computational Biology 2007, 3(5):e85..
49. Bowman C, Arino J, Moghadas S: Evaluation of vaccination strategies
during pandemic outbreaks. Mathematical Biosciences and Engineering
(MBE) 2011, 8:113-122.
50. Kermack W, McKendrick A: Contributions to the mathematical theory of
epidemics. Proceedings of the Royal Society of London 1927, 115:700-721.
51. Coburn B, Wagner B, Blower S: Modeling influenza epidemics and
pandemics: insights into the future of swine flu(H 1 N 1). BMC Medicine
2009, 7:30.
52. Acuňa-Soto R, Castaňeda-Davila L, Chowell G: A perspective on the 2009
A/H1N1 influenza pandemic in Mexico. Mathematical Biosciences and
Engineering (MBE) 2011, 8:223-238.
53. del Rio C, Guarner J: The 2009 influenza A (H1N1) pandemic: What have
we learned in the past 6 months. Transactions of the American Clinical and
Climatological Association 2010, 121:128-140.
54. Leung G, Nicoll A: Reflections on Pandemic (H1N1) 2009 and the
International Response. PLoS Med 2010, 7(10):e1000346..
55. Carrat F, Vergu E, Ferguson N, Lemaitre M, Cauchemez S, Leach S,
Valleron A: Time lines of infection and disease in human influenza: a
review of volunteer challenge studies. American Journal of Epidemiology
2008, 167(7):775-785.
56. Couch R, Douglas R Jr, Fedson D, Kasel J: Correlated studies of a
recombinant influenza-virus vaccine. III. Protection against experimental
influenza in man. The Journal of Infectious Diseases 1971, 124(5):473-480.
57. Foy H, Cooney M, Allan I, Albrecht J: Influenza B in households: virus
shedding without symptoms or antibody response. American Journal of
Epidemiology 1987, 126(3):506-515.
58. Couch R, Kasel J: Immunity to influenza in man. Annual Reviews in
Microbiology 1983, 37:529-549.
59. Hayden F, Fritz R, Lobo M, Alvord W, Strober W, Straus S: Local and
systemic cytokine responses during experimental human influenza A
virus infection. Relation to symptom formation and host defense. Journal
of Clinical Investigation 1998, 101(3):643-649.

Cruz-Aponte et al. BMC Infectious Diseases 2011, 11:207
http://www.biomedcentral.com/1471-2334/11/207

60. Health Industry Distributors Association: 2008-2009 influenza vaccine
production and distribution. 2009 [http://www.flusupplynews.com/
documents/09_FluBrief.pdf].
61. Oliver Wyman Group and Program for Appropriate Technology in Health:
Influenza vaccine strategies for broad global access, key findings and
project methodology. 2007 [http://www.path.org/files/
VAC_infl_publ_rpt_10-07.pdf].
62. Herrera-Valdez M, Cruz-Aponte M, Castillo-Chavez C: Multiple outbreaks for
the same pandemic: Local transportation and social distancing explain
the different” waves” of A-H1N1pdm cases observed in México during
2009. Mathematical Biosciences and Engineering (MBE) 2011, 8:21-48.
63. Izhikevich E: Dynamical systems in neuroscience: The geometry of excitability
and bursting The MIT press; 2007.
64. Herrera-Valdez M: Derivation and analysis of biophysical core models of
membrane excitability: From cellular to network dynamics. PhD thesis
University of Arizona; 2008.
65. Atkinson K, Han W: Elementary numerical analysis Wiley New York; 1993.
66. Jones E, Oliphant T, Peterson P: SciPy: Open source scientific tools for
Python. 2001 [http://www.scipy.org/].
67. Hunter J, Dale D, Droettboom M: Matplotlib: A Python 2D plotting library.
2008 [http://matplotlib.sourceforge.net/].
68. World Health Organization: Global pandemic influenza action plan to
increase vaccine supply: Progress report 2008. 2008 [http://www.who.int/
vaccine_research/Global_Pandemic_Influenza.pdf].
69. Wikipedia: List of countries by population.[http://en.wikipedia.org/wiki/
List_of_countries_by_population], (accessed March, 2011).
70. US Census Bureau: International data base (IDB).[http://www.census.gov/
ipc/www/idb/], (accessed March, 2011).
71. Abelin A, Colegate T, Gardner S, Hehme N, Palache A: Lessons from
pandemic influenza A (H1N1): The research-based vaccine industry’s
perspective. Vaccine 2011, 1135-1138.
72. Partridge J, Kieny MP: Global production of seasonal and pandemic
(H1N1) influenza vaccines in 2009-2010 and comparison with previous
estimates and global action plan targets. Vaccine 2010, 28(30):4709-4712.
73. Low D, McGeer A: Pandemic (H1N1) 2009: assessing the response.
Canadian Medical Association Journal 2010, 182:17.
74. Rambhia K, Watson M, Sell T, Waldhorn R, Toner E: Mass vaccination for
the 2009 H1N1 pandemic: approaches, challenges, and
recommendations. Biosecurity and Bioterrorism: Biodefense Strategy, Practice,
and Science 2010, 259-263.
75. Public Health Agency of Canada: Weekly distribution of the H1N1 flu
vaccine.[http://www.phac-aspc.gc.ca/alert-alerte/h1n1/vacc/vacc-archive/
dist-archive-eng.php], (accessed March, 2011).
76. Helferty M, Vachon J, Tarasuk J, Rodin R, Spika J, Pelletier L: Incidence of
hospital admissions and severe outcomes during the first and second
waves of pandemic (H1N1) 2009. Canadian Medical Association Journal
2010, 182(18):1981..
77. Sander B, Bauch CT, Fisman D, Fowler RA, Kwong JC, Maetzel A, McGeer A,
Raboud J, Scales DC, Gojovic MZ, Krahn M: Is a mass immunization
program for pandemic (H1N1) 2009 good value for money? Evidence
from the Canadian Experience. Vaccine 2010, 6210-6220.
78. Fernández ML: A/H1N1 Epidemic in México: Lessons Learned. Talk at
Mitigating the Spread of A/H1N1 Flu: Lessons Learned from Past Outbreaks
Workshop. Arizona State University 2009.
79. Vargas-Parada L: H1N1: A Mexican Perspective. Cell 2009, 139(7):1203-1205.
80. World Health Organization: Global pandemic influenza action plan to
increase vaccine supply. 2006 [http://www.who.int/vaccines-documents/
DocsPDF06/863.pdf].
81. Hartvigsen G, Dresch J, Zielinski A, Macula A, Leary C: Network structure,
and vaccination strategy and effort interact to affect the dynamics of
influenza epidemics. Journal of Theoretical Biology 2007, 246(2):205-213.
82. World Health Organization: Informal consultation on influenza pandemic
preparedness in countries with limited resources. 2004 [http://www.who.
int/entity/csr/resources/publications/influenza/CDS_CSR_GIP_2004_1.pdf].
83. Centers For Disease Control and Prevention: Vaccine against 2009 H1N1
influenza virus.[http://www.flu.gov/individualfamily/vaccination/
h1n1vaccine_qa_public.html], (accessed March, 2011).
84. Flahault A, De Lamballerie X, Hanslik T, Salez N: Symptomatic infections
less frequent with H1N1pdm than with seasonal strains. PLoS Currents
2009, 1.

Page 16 of 16

85. Bauer A, Beauchemin C, Perelson A: Agent-based modeling of hostpathogen systems: the successes and challenges. Information Sciences
2009, 179(10):1379-1389.
86. Monto A, Koopman J, Longini I Jr: Tecumseh study of illness. XIII.
Influenza infection and disease, 1976-1981. American Journal of
Epidemiology 1985, 121(6):811-822.
87. Viboud C, Tam T, Fleming D, Handel A, Miller M, Simonsen L:
Transmissibility and mortality impact of epidemic and pandemic
influenza, with emphasis on the unusually deadly 1951 epidemic.
Vaccine 2006, 24(44-46):6701-6707.
88. Thompson W, Shay D, Weintraub E, Brammer L, Cox N, Anderson L,
Fukuda K: Mortality associated with influenza and respiratory syncytial
virus in the United States. JAMA: the journal of the American Medical
Association 2003, 289(2):179..
89. Heffernan J, Smith R, Wahl L: Perspectives on the basic reproductive ratio.
Journal of the Royal Society Interface 2005, 2(4):281..
Pre-publication history
The pre-publication history for this paper can be accessed here:
http://www.biomedcentral.com/1471-2334/11/207/prepub
doi:10.1186/1471-2334-11-207
Cite this article as: Cruz-Aponte et al.: Mitigating effects of vaccination
on influenza outbreaks given constraints in stockpile size and daily
administration capacity. BMC Infectious Diseases 2011 11:207.

Submit your next manuscript to BioMed Central
and take full advantage of:
• Convenient online submission
• Thorough peer review
• No space constraints or color ﬁgure charges
• Immediate publication on acceptance
• Inclusion in PubMed, CAS, Scopus and Google Scholar
• Research which is freely available for redistribution
Submit your manuscript at
www.biomedcentral.com/submit

